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Criterion of Applicability of the Moving Boundary Model
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A criterion was developed to check the validity of the moving boundary model. The
criterion is based upon the expression of the overall effectiveness factor for a gas—solid
reaction obtained by computing the effective diffusivity and surface area profiles inside
the reactant solid. The criterion can be expressed as a function of the initial parameters
of the reaction. On the other hand, the validity of the arguments usually applied to check
the assumption of the moving boundary model is discussed. It is concluded that for most
practical situations, in the absence of previous diffusional steps, the moving boundary
model assumption is almost completely restricted to a nonporous solid reactant.

NOMENCLATURE

surface area of solid B per unit vol-
ume, L*/L3

outer surface of solid B per unit
volume, a, = aepf, L?/L?

internal surface of solid B per unit
volume, L?/L?

stoichiometric coeflicient

Biot number for mass transfer in
boundary layer, Bi; = kag/K’enf

Biot number for mass transfer in ash
layer, Bi, = D'Rok’epf

molar concentration of A, moles/L?
dimensionless concentration of A,
Ca* = Ca/Cyy

molar concentration of B, moles/L?
dimensionless concentration of B,
C B* = CB/ CBo

effective diffusivity of A in solid B,
L*/6

effective diffusivity of A in solid D,
1%/6

coefficient, ¢ = (e. — &)/

activation energy, ¢/mole

roughness factor at boundary between
product layer and reaction zone
Thiele modulus, A = L (& a;/D)"*
correction factor for Thiele modulus
integral defined in Eq. (23)

reaction rate coefficient per unit
volume, 1/8

K reaction rate coefficient per unit sur-
face area, L/6

ks, mass transfer coefficient, L/

L characteristic length (3/R, for spheri-
cal geometry), L

n number of moles

R pellet radius, L

R*  dimensionless radius, B* = R/R,

TA reaction rate per unit volume,
moles/L%

ra’ Treaction rate per unit surface area,
moles/ L%

¢ time, 6

r dimensionless time, t* =
bT‘, AgEBft / RoC Bo

V volume, L?

z conversion

z distance, L

Subscripts

app apparent

g bulk gas

MB moving boundary model

0 initial value

8 boundary between product layer and
reaction zone

Greek letters

a dimensionless surface area o =
ae/ (ae + ai)

8 dimensionless surface area g =
1 — a)/a
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) reaction layer thickness, L

" dimensionless reaction layer thickness,
8" = 46/L

€ porosity

€B solid B surface fraction at boundary
between product layer and reaction
zone

£ tolerance

7i internal effectiveness factor (IEF)

7 overall effectiveness factor (OEF)

¢ modulus, ¢ = 9h?

INTRODUCTION

The moving boundary model (MBM)
(also known as the shrinking core model in
the literature) for a solid—gas reaction states
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veloped must be supplied from the general
solution of the mass transfer equations for
the system, provided it is isothermal. If the
reaction takes place isothermally between
the porous solid B and the gas A, the mass
balanee for both components will be

e‘f—A=v-Dv0A—m, (1)
t

aCy
hand a—t = b?’A, (2)

where b is the number of moles of B which
react with 1 mole of A.

Equations (1) and (2) have been analyzed
elsewhere (2) in connection with the overall
effectiveness factor (OEF) given by

(1 — a){la/(1 — a)] + n}

n = 2
R | R(1-
L {[ B, RO B

that the gaseous reactant is consumed com-
pletely on the outer surface of the solid reac-
tant. This model has been widely studied (7,
6-8, 12, 15, 16) and it has been stated that
many reactions obey it (4, 5, 9-11, 13, 17).
Actually, from a rigorous point of view, the
MBM only will be satisfactory when the
solid is nonporous. Obviously, the case is
different when the solid involved is porous.
In such a case the gaseous reactant will pene-
trate inside the porous solid. This penetra-
tion will depend upon the relative rates
between intrapellet diffusion and chemical
reaction. The faster the kinetic step is in
relation to the intrapellet diffusion, the
thinner will be the shell in which the reaction
takes place.

In this way it is possible to distinguish two
contributions to the overall reaction rate in
the pellet; namely the reation which takes
place on the outer surface and that which
proceeds on the internal one. However, it is
difficult to imagine a sharp separation be-
tween the two types of surface area of the
solid reactant, and the outer surface must be
considered not only as a geometric concept
but also as a kinetic one. Due to the large
number of papers in which the MBM has
been applied, it becomes important to state
precisely the conditions under which the
model is actually achieved.

Consequently, the criterion to be de-

R*)] [1 + 1;—%]} Y

In this equation g; is the internal effective-
ness factor (IEF), a the fractional external
surface area, and R* the dimensionless radius
of the reaction front; Eq. (3) takes into ac-
count the diffusional resistance of the bound-
ary layer by means of the biot number (Bi)
and also the diffusional resistance of the ash
layer of solid product by means of Bi,.

THE MoviING BOUNDARY
MobpEL CRITERION

It is seen from Eq. (3) that whenever
n(l — a)/a—0, (4)
Eq. (3) will reduce to
_ o
1+ (BR"/Biy) + [R'(1 — E)/Bi,]

and the reaction will take place only on the
outer surface of the solid. In this case the
MBM will certainly be valid.

As a matter of fact the evaluation of «
presents a problem in itself, because it in-
volves not only the geometrical outer surface
area, but also a factor accounting for the
effect of porosity and roughness, such as
(1 — ¢)f. Only in the case of a nonporous,
smooth solid is the value of a obviously
defined by means of the geometrical external
surface area of the pellet.

In order to state a precise condition for the
validity of the MBM, we shall throw the

(5)

n



MOVING BOUNDARY MODEL

limiting condition of Eq. (4) into a form
that has physical meaning. The rate of reac-
tion on the internal surface is proportional
to 4; and that on the external surface to
a/(1 — &) with the same constant of pro-
portionality. Thus if we set

1—a

ni SE; (6)

o
the fraction of the reaction taking place in-
ternally is less than ¢ and we may say that
Eq. (5) holds with a tolerance of &.

The common picture of the MBM repre-
sents it as a step function in C, at the outer
surface of B; in other words, the gaseous
reactant A does not penetrate at all inside
the solid B. But it is important to emphasize
that once a value of £ has been adopted, the
the MBM will be assumed with this toler-
ance, no matter how much A penetrates in-
side B. The C4 profile could be very far from
being a true step function and the MBM
would hold, provided £ is the required toler-
ance, In this way a eriterion can be estab-
lished; it will be more general than, for
example, that quoted by White (74), who
states h 2 200 to achieve the MBM.

A reasonable value for ¢ would be 0.01,
which means that we accept the MBM
whenever the reaction that takes place on the
internal surface is less than 19} of that pro-
duced on the outer surface area of the solid.
It is also possible to observe that with such
a tolerance and with a very low value of
B8 = (1 — a)/a (there are actual systems for
which it is 0.1) the MBM will hold if 4; < 0.1.
This means that for porous solids the TEF
necessary for the achievement of the MBM
lies on the asymptotic region of the IEF, and
this represents an important characteristic
because it is in that region where an analytic
solution of the IEF is available (3).

Hence, for an isothermal, first order with
respect to A, irreversible solid-gas reaction
with diffusivity and surface area profiles
inside the spherical porous solid, Eq. (6) can
be expressed as

+
=t <O )
where ht is the correction factor for the dis-
tribution of diffusivity and surface area that
has been obtained elsewhere (3).
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Equation (7) shows that this criterion is
not dependent upon the -characteristic
length (L) of the reactant solid; hence, Eq.
(7) can be written as

he 2 100h*8,, (8)

where the characteristic length in ke and
Bo is the original for the solid at ¢ = 0.
Nevertheless, in the general case in which
a sclid is reacting with a gas to produce
another solid, additional resistances can
arise in the system, and it is possible to take
this into consideration in the criterion that
has just been established. Equation (3)
shows that the physical picture of no mass
transfer resistance in film and product layer
around the reacting core will be obtained
with an aceuracy of 19, whenever
1 R”

I SN &
T+ G /hy 2 1085, ©

and

1 100k (1 — RY)
T+ (Boh*/ho) © Bi,

However, it is interesting to analyze the
possibility of achieving the MBM under
this situation. By introducing Eq. (8), a con-
dition to validate the MBM without film
concentration gradients is obtained;

100R*"
Bix

(10)

<1 (11)

From Eq. (11) it can be seen that Bi; must
be extremely high in order to satisfy both
conditions given by Egs. (8) and (9). In ad-
dition, as k&’ must be high enough to ac-
complish the MBM, the possibility of
achieving the MBM without mass transfer
resistance in gas film around the pellet is
virtually restricted to nonporous solids.

In a similar way but working with Iqgs.
(8) and (10), we obtain

100R*(1 — R7)
— B, $b (12)

which implies a very high value of Bi, except
at initial stages of reaction, when the thick-
ness of the product layer is very small. In
other words, this situation implies such a re-
lationship between the diffusivity of the
original solid and that of the product, that it
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is very difficult to have the MBM without
a simultaneous resistance in product layer,
when it exists, or a gas film when there are
no solid produets.

Anavysis oF OrHErR CRITERIA

The validity of the MBM has very often
been claimed on the basis of experimental
results in which there is some agreement be-
tween the data and relationships derived
from the MBM itself. For example, the re-
lationship between conversion and size or
between size and time in a given geometry
has been used. A cross-sectional photograph
of a partially reacted sample showing a sharp
transition between the ash layer and the
reactive solid is sometimes given in evidence.
Another criterion that has been used is the
identity of the observed and the true acti-
vation energy.

Relationship between reactive solid size
and conversion. It has been shown
elsewhere (3) that the number of moles of
reactant solid B present at a given time can
be expressed by

ny = CBOV(l — ﬂi). (13)

Writing Eq. (13) in terms of the conver-
sion zp for a spherical solid, the following
expression is obtained:

g =1— (1 — g)R”

1 (1 " VR®. (14
=) B
The same relationship, but for the MBM,

is
g = 1 — R*. (15)
It is then observed, from the comparison
of Egs. (14) and (15) that for high values of
the Thiele modulus the difference between
both expressions will be negligible except for

R*—0.

Hence, unless the conversion-size relation-
ship is determined with a high accuracy, it
would be impossible to decide whether the

MBM was achieved or not.
Relationship between reactive solid

size and time. The relationship between
size and time for a spherical isothermal solid
with diffusional and surface area profiles and
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an irreversible, first-order reaction with
respect to A has been obtained elsewhere (3).
Let us compare this relationship with that
obtained for the MBM when there is no in-
fluence of diffusional steps surrounding the
reactive core. In this case the relationship is

L= [ (1~ K
— L1+ [Boht/ho)]
21n R* R()CBO
HE G Bo]] braenf 0
and that for the MBM is
- . * ROCBO‘
t=(1—R" bracnf 17

The linear relationship between ¢ and R*
is usually quoted to verify the achievement
of the MBM. However, Eq. (16) also gives,
in practice, a closely linear relationship be-
tween ¢ and R*. Nevertheless, the most
important fact is that the coefficient of
(1 — R") in Eq. (16) can be much smaller
than 1. Consequently, even though a linear
relationship between ¢ and R” still holds, the
slope of such a relationship could be quite
different from that given by the MBM. This
is extremely important in the case in which
a kinetic measurement is analyzed, as well
as when a design calculation is performed.
Hence, a linear relationship between size and
time cannot be used as a criterion to check
the achievement of the MBM, and, in ad-
dition, the use ¢f the MBM relationship
leads to serious errors in the evaluation of
constants when it is not achieved.

Reaction thickness, We¢ have already
said that another criterion that has been used
to validate the MBM is to observe a cross-
sectional cut in the solid showing a sharp
transition between ash layer and solid reac-
tant. In such a situation the reaction takes
place in a layer so thin that its thickness can
be considered negligible. Let us analyze what
is meant by a “thin” layer from our present
standpoint. We will refer to the case in which
the reaction is not affected by the mass
transfer through ash and boundary layers,
namely, when the Cy profile is flat through
them.

When the reaction is not deseribed by the
MBM, there are C and Cy profiles inside the
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solid B. If the reaction is taking place near
the MBM condition, the concentration of A
will fall to zero (or almost zero) in some part
of B. Hence, it is possible to define a reaction
thickness (§) given by the distance between
C*s = 0 and C*, = 0.01 where the reaction
takes place. Working with high Thiele modu-
lus, the mass balance for component A in
spherical coordinates can be simplified to
that of slab geometry, which, under the
pseudo-steady-state assumption, will yield

d .. dCy ,
C—ZE D '—(—iz— =}k aiCA. (18)

This equation has been integrated once to
get the IEF. In doing so, it was necessary to
use different pore models to establish a re-
lationship between ¢; and Cp and between
(s and Cg. This has been analyzed in detail
elsewhere (3). Performing the first integra-
tion between Ca = 0 and Cyx = Ca, it is
possible to calculate dC4/dz as a function of
C 4, and doing a second integration between
Cy = 001C,, and C, = C,,, the reaction

layer thickness (8) is obtained as
L{Ca)dCy

Ca
5= [ .
l.m en |2 [ DO Ca s |
(19)

At the same time, the effective diffusivity
and the reaction rate can be written as
follows (3):

D(Cy) = Do(1 + eCy)?, (20)
where e = (es — e)/ e,
and
raai,Ca) = k'a;,Casa’iC"4
= MaCx f(C"), (21)

where a*; = a;/a,
Finally, if Eq. (21) is taken into ac-
count, Eq. (19) can be rewritten as

8 = 1/h, (22)
where
1= (1 4+ eC*)2 dC*s
/;).01 [2 [ (0 + ecappens) aey]
(23)

0.5
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It is necessary to evaluate I by a nu-
merical method. The value of I will depend
upon the function f(C*4), which is given by
the pore structure model selected, and also
upon the value of e, which measures the in-
fluence of the effective diffusivity profile.
The pore structure models used, dispersed
solid model and Petersen model, are those
already analyzed (3).

At the same time it will be interesting to
compare the results from Eq. (22) with that
which corresponds to a solid with uniform
effective diffusivity and surface area (such as
a catalyst). That is to say, when

D =D, and a; = a;,.  (24)
In such a case Eq. (2) reduces to
8" = 4.606/hy. (25)

The numerical integration of Eq. (22) for
the dispersed solid and Petersen models
shows very little difference from the value
given by Eq. (25). Hence, by introducing
Eq. (25) into Eq. (8) it is possible to obtain
the criterion in terms of the reaction layer
thickness:

. _ 4.606 X 102 -

Equation (26) shcws that for a l-em-
diameter spherical solid with A*By = 763, 6
must be <0.1u in order to achieve the MBM.
In addition, if hy = 765, Eq. (8) shows that
the criterion will not be satisfied and that the
reaction thickness from KEq. (25) will be
8 = 10u approximately.

Obviously, such a thickness will induce
one to believe that the MBM is achieved.
Since hA* does not differ appreciably from
unity (3), we have n; = 1/8,, and the reac-
tion which takes on the outer surface area
represents half of the total. Hence, from
Eq. (16} it is seen that the relationship be-
tween (1 — R*) and ¢ will be twice that of
the MBM, leading to a falsification of the
evaluated kinetic constant. Then, it is con-
cluded that a “sharp’ transition between the
reactive solid core and the product is not
a useful criterion for deciding whether or not
the MBM is achieved.

Activation energy falsification. Let us
analyze again the case in which the overall
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Frie. 2. Influence of the falsifieation of activation energy upon the error in conversion with respect to the
moving boundary model.
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reaction rate is not affected by the diffusion
through ash or boundary layers. It is well
known that the intrapellet diffusional effects
modify the observed activation energy. It
has been demonstrated (2) that the falsified
or apparent activation energy E,,, is related
to the true one by

Eopp/E = dlIn ¢/d1n md. 27

Applying Eq. (27) to a gas—solid reaction
when m = h/h* is high enough to lie in the
asymptotic region of the IEF and taking into
account that ¢ = npm?, the following relation-
ship is obtained:

Buw _ 1 1 din i1+ /)

dln m?

(28)

From Eq. (28) it can be seen that once
a value of 8/m is proposed, there is one value
of E.,,/E. Since the ratio 8/m is not de-
pendent upon the characteristic length, it is
possible to use B/m, to evaluate F,,,/E from
Eq. (28). Fig. 1 shows the monoparametric
behavior of the agymptote.

On the other hand, for values of m higher
than 50 and conversion smaller than 989,
the logarithmic term of Eq. (16) can be
neglected and the same can be said for the
1/meR" term of Eq. (14).

Under such conditions Egs. (14) and (16)
can be rewritten as

1 — k",

1 - R
1+ (Boht/he)

showing that the xp—t* relationship depends
upon Bo/mo. Hence, for the conditions men-
tioned, by giving a value to Bo/me or to
E.../E, the relative error in the conversion
can be obtained by taking the MBM as
reference.

This ratio is shown in Fig. 2 as a function
of E.,,/E, with the conversion for the MBM
(xB)Mp, as a parameter. Fig. 2 shows that the
relative error in conversion increases as the
conversion and E,,,/E decrease. As shown
by Fig. 2, only a rigorous measurement of
E.,/E could be a criterion to verify the
MBM assumption. However, taking into
account the usual experimental error in the
evahiation of the activation energy (at least

rg = (29)

= (30)
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+109%,), from Fig. 2 it is concluded that the
use of E.,,/E as a criterion ean lead to a high
error in the conversion-time relationship.

CONCLUSIONS

From the analysis of the criteria usually
applied to check the MBM accomplishment,
it can be concluded that Eq. (8) is the neec-
essary and sufficient condition to check the
achievement of the MBM in a reacting sys-
tem under isothermal conditioas. The eri-
terion is expressed in terms of basic kinetic
parameters and predicts whether or not a
serious error will arise from the application
«f the model. In addition, when there is no
influence of previous diffusional steps, it is
shown that the possibility of obtaining the
MBM is almost completely restricted to
nonporous solids. The analysis also shows
the extreme inaccuracy that could be intro-
duced, either in the evaluation of kinetic
constants or in the conversion-time relation-
ship predictions, by using the MBM assump-
tion in porous solids.
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